Three-dimensional instability of axisymmetric flow in a rotating disk-cylinder configuration is studied numerically for the case of low cylinders with the height/radius aspect ratio varying between 1 and 0.1. A complete stability diagram for the transition from steady axisymmetric to oscillatory threedimensional flow regime is reported. A good agreement with the experimental results is obtained. It is shown that the critical azimuthal wavenumber grows with the decrease of the aspect ratio, reaching the value of 19 at the aspect ratio 0.1. It is argued that the observed instability cannot be described as resulting from a boundary layer only. Other reasons that can destabilize the flow are discussed.
Introduction
Flow in a cylinder covered by a rotating disk has been one of most popular swirling flow models during several of the last few decades. Early studies (e.g. Escudier 1984 , Lopez 1990 , Lopez and Perry 1992 were mainly devoted to the phenomenon of vortex breakdown that the flow exhibits under certain conditions. Later, attention was focused on stability of the base axisymmetric flow (Gelfgat et al 1996 (Gelfgat et al , 2001 ), non-linear development of instabilities (Lopez et al 2001 , Lopez 2006 , 2008 , stability control (Cui et al 2009 , Tan et al 2009 and the effects of some mechanical, thermal or electromagnetic flow complications (not cited here). The flow is governed by two dimensionless parameters that are usually chosen as Reynolds number Re, based on the disk radius and angular velocity, and height/ radius aspect ratio γ. The early computational studies of flow stability (Gelfgat et al 1996 (Gelfgat et al , 2001 ) considered moderate aspect ratios γ ⩽ ⩽ 1 3 . 5that corresponded to classical experiments of Escudier (1984) . These results were verified numerically in several independent studies and later were validated experimentally by Sørensen et al (2006) so that their correctness seems to be proved. A similar cross-validation of numerical and experimental results was repeated later by Sørensen et al (2009) for higher cylinders with the aspect ratio reaching γ = 6.
Along with a large number of studies considering aspect ratios larger than unity, a group of authors examined the rotating disk-cylinder flow at small-aspect ratios, mainly at γ = 0.25 and 0.1 (see e.g. Cousin-Rittermand et al 1999a , 1999b , Gauthier et al 1999 , 2004 , Serre and Pulicani 2001 , Schouveiler et al 1998 , Daube and Le Quéré 2002 , Tuliszka-Sznitko et al 2002 , Cross et al 2005 and references therein) . Several authors emphasized the connection between the model and flows between rotating compressors and turbine disks (Serre et al , 2004 , calling the model 'rotor-stator cavity' or 'rotor-stator system'. Also, for small-aspect-ratio configurations, the term 'interdisk cavity' is used (Pécheux and Foucault 2006) to distinguish them from 'cylinder cavity' configurations of moderate and large-aspect ratios. The main results of these studies are reviewed by Launder et al (2010) . In the current study we are most interested in the results obtained for instability of the base axisymmetric flow in rotor-stator cavities, a brief examination of which shows that the numerical results , 2004 , Serre and Pulicani 2001 , Daube and Le Quéré 2002 do not agree between themselves and also do not usually match corresponding experimental findings (Schouveiler et al 1998 , Cross et al 2005 , except in a recent study of Peres et al (2012) . This disagreement motivated the present study, of which the main goal is the extension of our previous stability results to small-aspect ratio cylinders up to γ = 0.1.
In the following we examine three-dimensional instability of the axisymmetric base flow in the rotating disk-cylinder system for aspect ratios decreasing from 1 to 0.1. The linear stability analysis separates for different azimuthal Fourier modes so that we find the most critical circumferential periodicity (Fourier mode). In particular, we show that at γ = 0.1 the critical circumferential periodicity is π 2 /19, and we argue that this fact only can lead to certain numerical difficulties when a numerical grid is used. The present numerical results show parametric dependence of critical parameters on the aspect ratio gradually decreasing from 1 to 0.1. The results are successfully compared with the experiments (Schouveiler et al 1998 , Cross et al 2005 and the recent direct numerical simulation of Peres et al (2012) at certain values of the aspect ratio considered in the cited studies.
Early studies of instabilities (see the review of Launder et al (2010) and references therein) considered the system at a very large Reynolds number in which the so-called Batchelor solution is valid and discovered two main types of instabilities: Type I instability related to the inflection point in the radial velocity profile and Type II instability arising in the rotating disk boundary layer. To gain some more insight in reasons causing flow destabilization, we present patterns of flows and the most unstable perturbations and perform some additional estimates and numerical experiments. This allows us to exclude the possibility of Type II instability. In the following we argue that instability sets in due to advection of azimuthal velocity along the cylinder side wall and then along the bottom toward the axis, where Type I instability can also develop.
Additionally, results of the linear stability analysis show that at small-aspect ratios perturbation modes with close azimuthal wavenumbers have also close marginal Reynolds numbers. This indicates the possibility of multiple supercritical states, as was observed in the experiments of Schouveiler et al (1998) .
Formulation of the problem and numerical method
We consider a flow of Newtonian incompressible liquid with density ρ and kinematic viscosity ν in a vertical cylindrical container of radius R and height H, of which the upper cover rotates around its axis with the angular velocity Ω. The flow is governed by the momentum and continuity equations that are rendered dimensionless using R, R 2 /ν, ΩR and ρ(ΩR) 2 as scales of length, time, velocity and pressure, respectively. The dimensionless equations and no-slip boundary conditions are defined in a cylinder γ ⩽ ⩽ ⩽ ⩽ z r 0 , 0 1 and read
r z
Here, p is the pressure,
r z is the velocity, γ = H R / is the aspect ratio of the cylinder and
is the Reynolds number. The problem is formulated in cylindrical coordinates so that the velocity and pressure fields are 2π-periodic with respect to the polar angle θ. In the following we assume that the base flow state
r z is steady and axisymmetric and examine its stability with respect to infinitesimally small three-dimensional disturbances, defined as
After the base flow is calculated, the linear stability problem reduces to an eigenvalue problem for the complex growth rate λ that separates for each integer azimuthal wavenumber k. cr More details on the problem formulation can be found in Lopez (1990) , Lopez and Perry (1992) and Gelfgat et al (1992 Gelfgat et al ( , 2001 ).
The problem is solved using finite volume discretization in space and the numerical approach described in Gelfgat (2007) . In the above study the numerical method was already verified for arbitrary values of the aspect ratio and was validated against experimental results for γ ⩽ ⩽ 3.3 5.5 in Sørensen et al (2009) . Therefore, we needed to examine the convergence mainly for the smallest value of the aspect ratio γ = 0.1, considered below. According to conclusions of Gelfgat (2007), a calculation of the critical Reynolds number needs at least 100 grid points in the shortest spatial direction, while results can be further improved using the Richardson extrapolation. Therefore, to ensure convergence we monitored marginal Reynolds numbers and frequencies for grid sizes varying from = N 100
A monotonic change of all values with grid refinement with an obvious tendency to convergence was observed. We concluded that for the numerical method used the discontinuity between the rotating disk and stationary side wall does not cause any numerical difficulties. Similarly to the calculations for γ = 1 and 2.5 (Gelfgat 2007), we applied Richardson extrapolation to the results of the two finest grids. Thus, to calculate the stability diagrams, we performed two independent calculations on two grids with the number of axial points The disk is assumed to rotate with a positive angular frequency Ω in the (positive) counter-clockwise direction. Therefore, negative values of ω m correspond to a wave travelling in the (negative) clockwise direction, opposite to the disk rotation. The parameter = a R H /2 used in several above-cited studies instead of the aspect ratio γ is shown as the upper horizontal axis of the frames (a).
Observing the critical values of the Reynolds numbers Re , cr represented by the lower envelope of all curves in the frames (a), we see that at γ = 1 the instability sets in with the azimuthal number = k 2 cr (figure 1(a)), as predicted in Gelfgat et al (2001) by another numerical technique and confirmed experimentally in Sørensen et al (2006) . With the decrease of the aspect ratio the critical azimuthal wavenumber k cr grows, becoming figure 1(a) ). With a further decrease of the aspect ratio the critical azimuthal wavenumber grows even more rapidly, reaching at different azimuthal wavenumbers are rather well separated (frames (b) in figures 1 and 2) so that the frequency value can serve as an indication of a certain azimuthal periodicity, as was done in experiments of Lopez et al (2008) and Sørensen et al (2006 Sørensen et al ( , 2009 .
Another important conclusion that follows from the large azimuthal wavenumber instability observed at small-aspect ratios relates to requirements that any computational modelling of supercritical oscillatory flows should meet. To resolve the instability at = k 19, cr the numerical method should account for at least 20 first Fourier harmonics ⩽ ⩽ k (0 19). To account for the main non-linear effects the number of harmonics should be doubled. In the case of a numerical method using a grid in the circumferential direction, the number of grid nodes must be sufficient to resolve structures located within a sector defined by the angle of π 2 /19. Assuming a coarse resolution of 10 points per structure, we arrive at 190 azimuthal grid points. None of the previous calculations, carried out for γ = 0.1, met these accuracy requirements (see next section). is a complex vector function, and we show real and imaginary parts together with the absolute value of all three components. Since the leading perturbation is an eigenvector of the linear stability problem, it is defined within multiplication by a constant. This means that values of maximal moduli reported in the figures can be used only by comparison of maxima of different perturbation components between themselves. Thus, we observe that perturbation of the azimuthal velocity is always larger than that of the two other velocity components. The absolute value of the perturbations represent distribution of the amplitude of flow oscillations in the meridional plane, while patterns of its real and imaginary parts correspond to two momentarily snapshots taken at a time interval of half an oscillation period. These two patterns are defined within multiplication by a real constant and a choice of their complex phase. Note that small structures of real and imaginary parts of perturbations appearing along the cylinder bottom in figures 4 and 5 require better spatial resolution than the base flow itself does. This is the main reason for applying fine grids, up to 2000 × 200 nodes, in the current study. Patterns of the most unstable perturbations (figures 3-5) allow one to make several conclusions and some reasonable speculations about flow physics involved in the instability onset. First, we observe that the perturbations are most intensive near the stationary bottom of figure 6(a) ) shows that, say at γ = 0.1, the first inflection point appears at relatively small z < 0.02 near the side wall, where r > 0.7. This supports the presence of the Type I instability. On the other hand, the area, where inflection points are located inside the boundary layer, is characterized also by noticeably larger circumferential velocity ( figure 6(b) ). Profiles of the latter also have inflection points, but the points are outside the boundary layer. Moreover, the flow in this area is not plane-parallel so that the existence of the inflection point cannot be used as an indication of instability. Instability of Type I rotating flow near the stationary disk was studied by Serre et al (2004) , who found that it sets in as a travelling wave rotating in the direction opposite to the upper disk rotation. This qualitatively agrees with the present negative values of ω .
m Furthermore, the instabilities were predicted to set in at local Reynolds number Re R e 0.5 70, which also fits the above prediction. We could not find, however, how the theoretical results of Serre et al (2004) can predict a large critical azimuthal wavenumber. Also, the above arguments do not relate to the perturbation patterns shown in figure 3 for γ = 0.6. In this case we observe also a large perturbation amplitude near the cylinder wall. A closer look on the disturbances moduli shown in figures 4 and 5 also reveals a possible effect of the lateral wall on the flow instability.
Looking for another possible explanation of instability we notice again that the most intensive disturbances are located near the stationary bottom, where the main meridional circulation is directed from the cylinder wall toward the axis. This is reminiscent of a wellknown instability mechanism in which azimuthal velocity perturbation is advected toward the rotation axis and increases owing to conservation of the rotational momentum. Such instability takes place in inviscid rotating flows when the Rayleigh criterion negative. A more comprehensive criterion for inviscid instability of a columnar vortex was developed by Leibovich and Stewartson (1983) . According to their result, the sufficient condition for instability is existence of a point where the expression
is negative. Both criteria are plotted in figures 7 and 8 and look similar. We observe that they are positive along most of the stationary bottom and become strongly negative along the stationary cylinder wall, where the azimuthal velocity steeply decreases. The largest negative magnitudes of both criteria are located near the upper corner where the azimuthal velocity is discontinuous; however, no strong disturbances are observed there. Slightly negative values of both criteria persist in the lower corner of the cylinder, where non-negligible perturbation amplitudes were observed. As is seen from figures 7 and 8, the relative negative magnitude of both criteria grows with the decrease of the aspect ratio. Since viscosity effects are necessarily strong near the corners and changes of the meridional velocities are steeper than that of the rotational one, neither of the two criteria is applicable there. We applied also the approach of Gelfgat (2011) in which different terms of the linear stability problem are cancelled one by one, while observing the cancellation of which leads to flow stabilization. Here, 'flow stabilization' means a change of sign of the leading eigenvalue from positive to negative. This exercise shows that cancellation of the terms is excluded. Note that V z is large near the side wall but is very small near the bottom stationary disk. Cancellation of several other terms (including those corresponding to perturbations of the centrifugal and Coriolis forces) provided weaker stabilization. Taking into account the perturbation patterns (figures 3-5) we can speculate that a disturbance of the azimuthal velocity is advected along the vertical wall toward the bottom, where the meridional flow changes its direction and drives the perturbations toward the axis. Along this motion the perturbation of the azimuthal velocity necessarily grows owing to conservation of the rotational momentum, thus leading to observation of strongly perturbed flow near the stationary disk, which may relate to the instability of Type I. This growth affects the centrifugal and Coriolis forces. The centrifugal force acts against the flow directed toward the axis, which can be a source of flow oscillations. The Coriolis force drives the perturbations in the azimuthal direction, which can lead to the appearance of the azimuthal travelling wave.
Observing that the relative height of the cylinder defines the critical azimuthal wavenumber, we can connect them by estimating circumferential length of the most critical perturbation near the side wall. Measured in units of the height it is π π γ = ( )
Calculation of the value of γ k cr from the results of figures 1 and 2 shows that this product 
Comparison with experiments and previous calculations
The transition from the steady to oscillatory flow regime was studied experimentally by Schouveiler et al (1998) and Cros et al (2005) for γ = 0.114 and by Schouveiler et al (2001) for Thus, our numerical results are in a good agreement with the experimental measurements. The experimental critical values of the Reynolds number are slightly above the numerical ones, as one would expect for a supercritical bifurcation. Additionally, we recall multiple three-dimensional states observed by Schouveiler et al (1998) at slightly supercritical Reynolds numbers. This confirms qualitatively our stability results that show close marginal Reynolds numbers at close values of the azimuthal wavenumber (table 1) .
A comparison with the previously published numerical results appears to be only partially successful. Thus, the result reported for γ = 0.25 by and Serre and Pulicani (2001) for a rotor-stator cavity with a hub and with γ = 0.114, using only 100 points in the azimuthal direction.
Conclusions
Study of three-dimensional instability of flow in a rotating disk-cylinder system is extended to low-aspect ratio containers, up to the height/radius ratio 0.1. The main stability results are reported as dependencies of the marginal Reynolds numbers and marginal frequencies on the aspect ratio and the azimuthal wavenumber k. It is found that the critical azimuthal wavenumber grows with the decrease of the aspect ratio γ so that = k 10 cr at γ ≈ 0.2, and = k 19 cr at γ ≈ 0.1. At small-aspect ratios we observe close marginal values of the Reynolds number corresponding to k close to k cr , which can lead to multiplicity of stable oscillatory supercritical states, as was observed by Schouveiler et al (1998) . The azimuthal modes can be distinguished, in particular, by their oscillation frequencies, of which the marginal values remain noticeably different at different k. A good agreement with the experimental measurements of instability at γ = 0.1 and 0.114 are reported, which, together with the results of Sørensen et al (2006 Sørensen et al ( , 2009 , completes the experimental validation of our present and previous stability results. A successful comparison with numerical results is obtained only with the recently published study of Peres et al (2012) . Earlier results differ noticeably from the present ones. We argue that the disagreement Fluid Dyn. Res. 47 (2015) 035502 A Y Gelfgat follows mainly from insufficient numerical resolution in the azimuthal direction so that the previous studies could not resolve instabilities at ⩾ k 7. After several estimations and numerical experiments we argued that the observed instability cannot be described solely as instability of one of the boundary layers attached to either a rotating or stationary disk, e.g. Types I and II instabilities (Launder et al 2010) . Patterns of the most unstable perturbations show that the instability sets in the descending flow along the side wall and then grows additionally when advected along the stationary cylinder bottom toward the axis, where it increases due to conservation of the angular momentum and then affects the radial and circumferential fluid motion. This disturbance's growth along the stationary disk can relate to Type I instability.
We found also that in cylinders with γ < 0.3, the circumferential length of the most dominant perturbation structure near the side wall remains almost constant and can be estimated as π ≈ H 3.7 .
